The depth of water is assumed to be in"nite. A submerged sphere is placed midway between two parallel vertical walls x = ±l. The normal velocity on the sphere is prescribed and is symmetrical about the mid-plane x = 0. The motion is assumed to have angular frequency ω and small amplitude. The radiated wave "eld is to be found. The present paper describes a method for solving this problem by means of the method of multipoles. A construction is given for the multipole potentials: for each singularity r −n−1 P m n (cos θ) cos mα at the centre of the sphere an image potential is constructed so that the boundary conditions are satis"ed identically on the two sets of in"nite boundaries (the side walls and the free surface) and so that the radiation condition at in"nity is also satis"ed. It is not dif"cult to see that the same method will remain applicable when the submerged sphere is placed in any position between the vertical planes. It is shown in a following paper that the resulting in"nite processes are convergent. No numerical results are given.
Introduction
Rectangular Cartesian axes (x, y, z) are taken with the origin in the mean free surface y = 0, where y increases with depth. A submerged sphere of radius a is placed with its centre at (0, f, 0), midway between parallel vertical walls x = ± l, where l > a and f > a. The motion is assumed to have angular frequency ω and small amplitude. The normal velocity on the sphere is prescribed and is symmetrical about the mid-plane x = 0. Antisymmetrical velocities can be treated similarly. Let the corresponding velocity potential be denoted by φ(x, y, z) exp(−iωt). (The time factor exp(−iωt) will henceforth be omitted.) Then the governing equation is Laplace's equation
with the boundary conditions ∂φ ∂ x = 0 on x = ± l, (1.2) and the boundary condition
where K = ω 2 /g. Let spherical polar coordinates (r, θ, α) be taken about the centre of the sphere, such that x = r sin θ sin α, y = f + r cos θ, z = r sin θ cos α, (1.4) where
Then the boundary condition on the sphere r = a is of the form ∂φ ∂r = U 0 (θ, α), (1.5) where U 0 (θ, α) is a prescribed function which is even in α. (As has been noted, odd functions can be treated similarly.) There is also a radiation condition at in"nity: the waves travel outwards towards z = ±∞.
The problem with which we are here concerned is a problem of potential theory; the governing equation is the three-dimensional Laplace equation subject to boundary conditions on the sphere, on the vertical walls, on the free surface, and at in"nity. Two methods are commonly used for the solution of such problems. The "rst is the method of boundary integral equations which is in principle applicable to any submerged body, the second is the method of multipoles which is applicable to submerged circles, submerged spheres and certain other simple shapes. To explain these two methods let us consider their application to the simpler problem of a submerged sphere in the absence of side walls. The governing equations are then the same as for the sphere between walls, except that the conditions (1.2) are absent, and the radiation condition now states that the waves travel towards in"nity in all horizontal directions. Let us "rst consider the method of boundary integral equations. The potential of a submerged pulsating source at (X, Y, Z ) is given by which represents a distribution of wave sources of source strength µ(θ, α) over the surface of the submerged sphere. When the boundary condition on the sphere is applied to this integral, a Fredholm equation of the second kind is obtained for µ (θ, α) , and this is known to have a unique solution for all wavenumbers K a, except possibly for a discrete set at which trapped modes may exist. If it can be shown that the image terms (1.6) are suitably bounded then the resulting potential is clearly de"ned in the whole #ow "eld and is the solution of our problem. To use this method in our problem we need an expression for the potential of a submerged wave source at an arbitrary position in a canal. The existence of a solution will then follow almost immediately. We next consider the method of multipoles. For each singularity r −n−1 P m n (cos θ) cos mα at the centre of the sphere an image potential is constructed so that the boundary conditions are satis"ed on the free surface and at in"nity, and the potential is assumed to have an expansion as the sum of these multipoles, with coef"cients C † (n, m), say, which have to be found from the boundary condition on the sphere. (In this problem the Fourier components corresponding to different values of m clearly do not interact.) Each image potential is now expanded as the sum of spherical harmonics, and the boundary condition on the sphere is then seen to be satis"ed if for each value of m the coef"cients C † (n, m) in the expansion satisfy an in"nite system of linear equations. Such systems are in some ways more convenient than integral equations. It is not dif"cult to show that each of these systems is analogous to a Fredholm equation of the second kind and has a unique solution, except possibly at a discrete set of wavenumbers. Thus the potential is de"ned as a sum of multipoles, provided that it can be shown that this sum converges in the whole "eld of #ow for all real values of K a < K f . For this purpose it is necessary to "nd adequate bounds for all the image potentials.
In the present paper we shall assume that side walls are present and obtain an in"nite system of equations. A proof of convergence is now more dif"cult and will be deferred to the following paper (1) which will henceforth be referred to as (UII). In most of the applications of the method of multipoles there is only one boundary extending to in"nity. (Typical examples are (2, 3) .) The dif"culty in the present problem comes from the presence of two sets of boundaries (the side walls and the free surface) extending to in"nity. The in"nite system is not now of standard type but the standard theory is still applicable with some modi"cation. This problem was originally suggested to me by G. X. Wu who has recently published an alternative treatment (4), in which different expressions are obtained for the same multipole potentials. Wu's construction and our construction are equally valid in principle, the two constructions in effect take certain in"nite processes in a different order, but our construction retains the free-surface condition throughout the calculation and may therefore be regarded as more direct. It will be shown in (UII) that adequate bounds can be found for our multipole expressions, and our method of solution can therefore be justi"ed. It is not yet known whether adequate bounds can be found for Wu's expressions. There may also be some advantage in having both constructions on record, so that numerical results from the two approaches can in due course be checked against each other.
Outline of the solution
The following calculations, unlike Wu's calculations (4), make extensive use of the Havelock transform and Havelock's wavemaker theory which are described in the Appendix to this paper. For the sake of simplicity we consider only even functions of α; odd functions can be treated similarly, and the method remains applicable when the centre of the sphere is not halfway between the walls. A typical solution of Laplace's equation singular at the centre of the sphere is
where the associated Legendre function P m n (cos θ) is de"ned in the Appendix. We construct the system of images of this singularity in the free surface and in the side walls. The sum of these images and of the original singularity (2.1) is a typical multipole potential and will be denoted by (G m n ) l . The solution of our problem will be expressed as the double sum of these potentials (G m n ) l . We begin by constructing the potentials (G m n ) l . In the absence of side walls the sum of the singularity (2.1) and of its image in the free surface is
see Thorne (5) , where the radiation condition at in"nity is satis"ed if the path of integration passes below the pole k = K , as will henceforth be assumed. Because of the singularity at (0, f, 0) this potential cannot have a Havelock expansion valid for −l < x < l, but there is a Havelock expansion valid for x > 0, and similarly a Havelock expansion valid for x < 0. These expansions are found to be of the form
where
(2.5)
We next "nd the image of (G m n ) ∞ in the side walls. This image, denoted by (G m n ) image , is an even function of x, it has no singularity when −l < x < l, and therefore it has a Havelock expansion when −l < x < l, of the form
It is found that
these values are seen to be independent of m and n. It will be observed that A m n (w) has poles along the axes of coordinates in the w-plane. To satisfy the radiation condition the path of integration in the integral (2.6) must therefore be de"ned with care. It is shown in the Appendix that the path, from −∞ − 
We now assume that the solution φ(x, y, z) of our boundary-value problem can be written as the sum of multipole potentials,
where the coef"cients C(m, n) are to be determined. We note that each term in the double series (2.10) satis"es the boundary conditions on the free surface, on the side walls, and at in"nity. It therefore only remains to satisfy the boundary condition
where it is assumed that U 0 (θ, α) can be expanded in the form
with known coef"cients U (m, n). To satisfy the boundary condition on the sphere it is necessary to expand each
and it therefore only remains to expand (G m n ) image . The Havelock expansions (2.6) and (2.7) can clearly be expressed as sums of single and double integrals which are typically of the form
where the integrals may be single or double integrals, and where
since the integral satis"es Laplace's equation. In the integral (2.14) we write
In this integral we write
and in the series we write
This calculation shows that the coef"cient of
an explicit expression in the form of an integral.
From the boundary condition on the sphere a doubly-in"nite system
(2.20) is thus obtained, where the coef"cients a(m, n; N ) are known from the expansion of the potentials (G m n ) ∞ as sums of single integrals and the coef"cients b(m, n; M, N ) are known from the expansion of the potentials (G m n ) l as sums of single and double integrals, and where the coef"cients U (m, n) are known from the boundary condition (2.11). Actually there are two independent systems, one for even m and one for odd m. These systems are not exactly of the standard form, since the left-hand side of (2.20) involves both single and double summations, nevertheless the standard theory remains applicable; see (UII). (Compare also the remarks of Hellinger and Toeplitz (6) on the corresponding theory for integral equations.) The solutions of these two systems give the formal solution of our problem in the form (2.10).
We have described in outline the construction of the potentials (G m n ) l . We shall now give the details.
Multipoles in the absence of side walls
We shall "rst derive the representation
where ρ = (x 2 + z 2 ) 1/2 . We begin with the representation (7, 7.8(10))
On using the relation P m n (−µ) = (−1) n−m P m n (µ) and applying the free-surface condition (1.3) we "nd the representation (3.1), where it can be shown that the radiation condition is satis"ed if the path of integration passes below the pole k = K ; see (3.4) below.
We next transform the expression (3.1) into a Havelock expansion in cylindrical polar coordinates.
where the contour of integration passes below the pole k = K . In (3.3) we write (7, 7.2.1 (5), (6))
To obtain a Havelock expansion we now deform the contour of integration in (3.3). In the integral involving H (1) m (kρ) we deform the contour of integration into the positive imaginary k-axis; in this deformation there is a contribution from the residue at the pole k = K . In the integral involving H (2) m (kρ) we deform the contour of integration into the negative imaginary k-axis. We also write ±ik for k.
where F(k, K , f, n − m) is de"ned by (2.5). This is clearly an expansion of Havelock type. In the derivation it was assumed that y > f , but both sides of the expansion are seen to be harmonic functions for all positive values of y, and the equation is therefore valid for all positive y by analytic continuation. We now transform this representation into the form (2.6) involving rectangular Cartesian coordinates. We have (7, 7.3.5 (24))
by a change of variable,
by a deformation of the contour. It is not dif"cult to show that this deformation is valid when x > 0. It follows that
When in this equation we write −m for m, and note that (7, 7.2.1 (9))
we obtain
It follows that
(3.13) Similarly we have (7, 7 .12 (21))
exp{−kρ cosh u}e mu du (3.14)
We now write −m for m, and note that
and that
When the expressions (3.13) and (3.19) are substituted in (2.3) and (2.4) the Havelock expansion (2.6), (2.7) is obtained.
To derive the expansion (2.13) for (G m n ) ∞ we substitute the representation (7, 7.2.4 (27))
It follows that the integral
where we have used (8, 3.7 (25))
The image in the side walls
We next "nd the image of (G m n ) ∞ in the side walls. As we have already observed, this image, denoted by (G m n ) image , is an even function of x, it has no singularity when −l < x < l, and it therefore has a Havelock expansion when −l < x < l, of the form
The coef"cient functions A m n (w) and B m n (k, v) can now be found from the boundary condition
It is thus readily seen that
these values are seen to be independent of m and n . To satisfy the radiation condition the path of integration in the integrals from −∞ − 1 2 πi to ∞ + 1 2 πi is chosen not to intersect the coordinate axes in the w-plane except at the origin w = 0. Reasons for this choice are given in the Appendix.
The expansion of the image potential near the sphere
We now consider the expansion of (G m n ) image about the centre of the sphere. Consider the "rst integral As we have already noted, the contour of integration passes below the negative real poles and above the positive real poles and through w = 0. The "rst integral (4.1) is
It follows that in the expansion of the expression (5.4) the coef"cient of 
When m + M is odd this coef"cient vanishes, as is easily seen. It is not dif"cult to see that (5.11) satis"es the reciprocity relation (7.3) below.
We shall now expand the double integral (4.2) by a similar method. This involves the factor
× {exp(kr sin θ sin α cosh v) + exp(−kr sin θ sin α cosh v)} (5.14)
(5.19)
Thus the coef"cient of
in the expansion of (5.13) is 1 2
where F() is de"ned by (2.5), and the coef"cient of
When m is even this coef"cient vanishes when M is odd, and when m is odd this vanishes when M is even, as is easily seen.
The modal expansion
There is still another expansion for each multipole (G m n ) l which is valid for large values of |z| and which may be used to evaluate the waves at in"nity. Suppose that z > a. Then we have a Fourier expansion in the x-direction and a Havelock expansion in the y-direction, of the form
where S is de"ned by (5.1), and where the numbers (a s ) m n and the coef"cient functions (b s (k)) m n can be obtained from a direct transformation of the integrals in the expression for (G m n ) l . It is found that the integrals involving one of the variables of integration can be combined so as to form integrals along closed circuits which can be evaluated as sums of residues. The resulting series is the Fourier series in the x-variable. The details are complicated and are omitted.
There is an alternative method. In the following argument G l is written in place of
taken over the section of the canal between x = −b and x = b; a small spherical neighbourhood of the point (0, f, 0) is excluded because G l is singular at (0, f, 0). This integral therefore vanishes.
In this integral the function s is taken to be
It is readily seen that the integrand in Green's integral vanishes, except on the planes z = ±b and on the small sphere with centre (0, f, 0). These three contributions must add up to 0, and expressions for a s are thus found. The only contributions to the plane ends z = ±b from G l arise from the term
and the term
It is readily seen that the contribution from z = −b vanishes. The integral over z = b is
To "nd the integral over a small sphere we recall that
cos mα + regular harmonic terms, and that
The only term in this double series which contributes to the integral (6.4) is clearly the term for which N = n and M = m, that is, the term
14)
The integral (6.4) is thus equal to
where the result (8, 3.12 (21))
has been used. The expression (6.16) is thus equal to the expression (6.8). It follows that
With an appropriate choice of s the same method can be used to "nd (a s ) m n when s > S, and also to "nd (b s (k)) m n .
Discussion
We have now constructed a complete set of multipoles but our argument is not yet complete. To complete the argument it will be necessary to show that the system of equations (2.20)
has a solution C(m, n) which is suitably bounded. Thus, to show that 
de"ned by (2.10) is convergent in the whole "eld of #ow and that the boundary condition on the sphere is satis"ed. These arguments require ef"cient bounds for the coef"cients a(m, n; N ) and b(m, n; M, N ). For the present problem such bounds will be obtained in (UII), but in general there are no reliable methods for "nding bounds. In fact, to my knowledge such calculations have been published only for the submerged circle (2), and perhaps a few other problems. It would be very interesting to obtain corresponding bounds for Wu's formulation; I would expect some dif"culties because his expressions involve sums rather than integrals. Nevertheless I have little doubt that his results are valid.
There remains the problem of obtaining numerical values for the coef"cients in (2.20), for the coef"cients C(m, n), and for forces and re#ection coef"cients. Wu has carried out such computations and has found that the results are consistent with the results which he published earlier in (4) . Before he carried out these computations he checked the calculations given here and found a number of errors. Such errors are of little consequence for theoretical work, but for numerical work great care is needed. The following check has been found useful. Suppose that the typical multipole potential (G m n ) l is written in the form
Now let Green's integral (see (6.4) ) be applied to the multipole potentials (G m n ) l and (G M N ) l in the region outside a small sphere r = δ. It is not dif"cult to see that this integral must vanish; the reciprocity relation
is thus obtained in the limit when δ → 0. The details are omitted.
9.
T. H. Havelock, Phil. Mag. 8 (1929) 569-576.
APPENDIX A A1
The Havelock transform. The following inversion theorem is well known in the theory of water waves (see (9)) and is a generalization of the Fourier transform. Suppose that the function f (y) is de"ned in the interval 0 < y < ∞, and suppose that the constant K is positive. Then the function f (y) can be expanded in the form
This expansion is appropriate for functions satisfying the end condition
A2 Wavemaker theory. Suppose that the wave potential (x, y, z) is regular harmonic in the region (X 1 < x < X 2 , 0 < y < ∞, −∞ < z < ∞), and that it satis"es the boundary condition
Then (see (9)) (x, y, z) can be expanded in the form
The coef"cient functions A ± (ν) and B ± (k, ν) can be determined from the boundary conditions
by means of the integral transform pair (A.1), (A.2), and the Fourier exponential transform pair
The coef"cient functions A ± (ν) will usually have poles, and the contour of integration must be chosen appropriately to satisfy the radiation conditions.
A3. The Legendre function (see (8, Chapter 3)) P n (µ) is de"ned by 5) or equivalently by the generating function
when −1 < µ < 1, and the Legendre function P m n (µ) is de"ned by
This is the de"nition given in (8, Chapter 3).
A4. Let n be an integer. Then (8, 3.7 (25))
The contour of integration for the image potential. The image potential involves the single integral
The integrand has poles when sin(K l cosh w) = 0, that is, when K l cosh w = ±sπ, where s = 0, 1, 2, . . .. Thus there are pure imaginary poles ±iw s and real poles ±W s as described in equations (5.2) and (5.3). The contour of integration in (A.9) does not intersect the axes in the w-plane except at the origin w = 0. It will now be shown that with this choice the integral represents outgoing waves as z → ±∞. We assume, without loss of generality, that 0 x l, and that 0 z < ∞, and consider the behaviour when z → +∞. We deform the contour from w = −∞ − 1 2 πi to w = ∞ + 1 2 πi into three straight-line segments, the "rst segment from −∞ − 1 2 πi to η − 1 2 πi, with an indentation above the pole w = − 1 2 πi, the second segment from η − 1 2 πi to η + 1 2 πi, and the third segment from η + 1 2 πi to ∞ + 1 2 πi. Here the positive parameter η is chosen to be so small that there are no zeros of sin(K l cosh w) on the real w-axis between w = 0 and w = η. In this deformation we cross a "nite number of poles along the imaginary axis between w = − 1 2 πi and w = 0. We have
which tends to 0 when z → ∞, by the Riemann-Lebesgue theorem. The treatment of the integral from w = η + 1 2 πi to w = ∞ + 1 2 πi is similar and gives a similar bound. Also Together with the original source this double line of sources and sinks satis"es the boundary condition on the side walls, but does not satisfy the free-surface condition on y = 0. It therefore only remains to solve a problem in which K φ + ∂φ/∂y is prescribed on the strip (−l < x < l, y = 0, −∞ < z < ∞), and also ∂φ/∂x = 0 when x = ±l, together with the radiation condition at in"nity. This component (which will be described as the wave-pressure component of the potential) can be solved by a Fourier series, cf. section 6 above. The problem of the submerged pulsating source has thus been solved. If we now put (X, Y, Z ) = (0, f, 0), we obtain the potential of a source at the centre of the sphere. The expansion of this source potential near the centre of the sphere can then be found by using the known expansions of the image sources and sinks and of the pressure potential. Multipole potentials for higher singularities can be found by the same method, or more conveniently by repeatedly applying the differential operators In this way we obtain image potentials involving singular potentials of the form P m n (cos θ ) exp(±imα )(r ) −n−1 , with appropriate coef"cients, at each of the image points (A.18) and (A.19), and also a wave-pressure component. We can now put (X, Y, Z ) = (0, f, 0), and expand each term about the centre of the sphere. The resulting series expansion involves fourfold series, and the boundary condition on the sphere now leads to an in"nite system of equations.
